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When using Finite Element Analysis (FEA) to model notched composite 
panels, the values of certain material properties can have a great effect on the outcome 
of the simulation. Progressive damage modeling is used to model how a composite 
structure will fail, and how that failure will affect the response of the structure. Many 
different progressive damage models exist, but the formulation known as Hashin 
damage is used to model failure in tension and out-of-plane bending in this study. This 
model has ten different material properties that are used to define the damage response 
of the material. Each of these material properties must be calculated experimentally in 
a time consuming and expensive process. A method of determining which properties 
will have the greatest effect on the model, and therefore, which to spend the most 
money on accurate tests, is a factorial analysis sensitivity study. Studies of this nature  
 
have been used in many different situations regarding material properties testing and 
optimization.  
The work presented in this study uses several factorial analysis designs to 
perform a sensitivity study on the ten Hashin damage parameters in a variety of 
situations. Five different ply layups are used in modeling specimens that are loaded in 
tension and out-of-plane bending. The results of this study show that the significant 
factors depend on the ply layup and loading scenario, but there are generally less than 
three factors that play a significant role in modeling the failure of the panels. This 
means that in most cases, rather than spending substantial money on finding ten 
different material properties, the time and money can be focused on a small subset of 
the properties, and an accurate model can still be achieved. While the results of the 
scenarios presented may not apply to all scenarios, the methods presented can be used 
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1.0 Introduction 
Carbon-fiber reinforced polymer (CFRP) is a material that has become more 
popular in aircraft design in the last few decades, and is often subjected to varying 
loading situations. In the unending quest to make aircraft lighter and stronger, 
designers have had to turn away from the use of lightweight aluminum alloys in favor 
of even lighter CFRP’s [1]. These composite materials are used to replace various 
components of an aircraft ranging from the frame [1] to the skin of the fuselage [2]. 
One area of concern in the design of aircraft is the stresses that occur around a cutout 
or a notch [3]. Often, panels, such as the fuselage of an aircraft, are loaded in tension 
and in out-of-plane bending [4] in the vicinity of stiffening members in the frame [5]. 
To properly understand the phenomena that occur near notches when a CFRP panel is 
subjected to tension or out-of-plane bending, Finite Element Analysis (FEA) is used. 
A knowledge of how panels will react and carry loads helps to ensure that the aircraft 
are not overdesigned, and thus heavier and more expensive. 
1.1 Numerical Modeling of Composites 
When modeling how CFRP reacts to different loading scenarios, it is important 
to accurately model failure with the correct methods throughout a simulation. While 
elastic loading of CFRP can be modeled using classic methods of stress and strain, the 
elastic model is no longer valid after the specimen reaches its yield stress and damage 
begins through small-scale fiber breakage, matrix cracking, or fiber-matrix shearing. 
Just as metals and other isotropic materials can be modeled with FEA by taking into 2 
 
account plasticity and strain hardening, composite materials can also be modeled after 
the elastic behavior has passed. There are several methods to model this behavior, but 
they all fall under the common group of progressive damage modeling [6]. 
Progressive damage modeling is a method of determining how damage will 
propagate and affect the overall strength of a CFRP laminate. Within a laminate, there 
are several individual layers that fail at different times and in different ways, due to 
the fact that they are often oriented in different directions, exposing each layer to 
different stresses. By using progressive damage modeling, one can determine how and 
when these individual lamina failures will culminate in the total failure of the entire 
laminate [7]. Until total failure occurs, progressive damage modeling is used to model 
the degradation of the strength of the laminate. Progressive damage modeling does not 
take into account other factors such as fatigue and manufacturing impurities causing 
decreased strength, but does give an accurate model disregarding these other issues. 
There are many different methods of modeling the progressive damage of 
fibrous composites such as CFRP. París [6] and Nahas [8] review over one hundred 
papers related to developing many of these methods. One way to classify the many 
different failure criteria is by whether or not the set of criteria uses specific failure 
modes, such as tension in the direction of the fibers, or compression in the transverse 
direction. The alternative to this is for the damage criteria to only identify when 
damage will occur within the laminate, rather than what type of damage. For example, 
some methods that do not have associated failure modes are Tsai-Hill [9], and Tsai-
Wu [10]. Many more criteria do have associated failure modes, such as Hashin [11], 3 
 
Hashin and Rotem [12], Yamada and Sun [13], and many others [14, 15, 16, 17]. 
These failure modes include tension and compression in the fiber direction, tension 
and compression in the transverse direction, matrix cracking, and fiber-matrix 
shearing. In papers by Hashin [11] and Hashin and Rotem [12], a method for modeling 
failure is developed where damage can be found in the fibers or in the matrix in either 
tension or compression. Chang and Chang [16] present a damage model for notched 
composite laminates. For their model, damage can occur not only in matrix cracking 
and fiber breakage, but also in fiber-matrix shearing. Shahid and Chang [17] 
developed another model of progressive damage that uses matrix cracking, fiber 
breakage, and fiber-matrix shearing. However, in Shahid and Chang’s model, Chang 
and Chang’s previous work and Hashin and Rotem’s work are combined to give a 
more comprehensive damage model. Another popular method of progressive damage 
modeling was developed before Hashin and Rotem developed their method, by Tsai 
and Wu [10]. The Tsai-Wu failure criterion, as it is named, is very broad in its 
applications because it can be adapted for many different materials with different 
symmetries and multi-axial stresses. 
Each of these progressive damage models requires that several material 
properties be obtained to fully define the criteria. Generally, the more complex a 
failure criterion is, the larger the number of material properties is needed. Shahid and 
Chang’s failure model is fairly complex, since it allows for some of the material 
properties to be defined as a function of crack density, rather than as a constant. 
Shahid and Chang argue that the first type of damage that a CFRP laminate will 4 
 
encounter is matrix cracking, and their determination of the other failure modes 
depends on how much cracking has occurred. Since it is so complex, it is not practical 
to use Shahid and Chang’s failure criteria in most standard finite element packages. 
The damage criteria developed by Hashin and Rotem requires only fiber strengths, 
matrix strengths, shear strengths, and fracture toughnesses. 
Regardless of the model, the associated material properties typically need to be 
determined experimentally. There are several different progressive damage models, 
and depending on the model, two to over fourteen material properties must be known. 
When testing for these properties, each must be found independently, requiring many 
different types of tests. For the results of each type of test to be considered accurate, a 
minimum of five different samples must be tested [18]. With sometimes up to seventy 
tests that must be completed, each using a different test specimen, and several test 
apparatuses, a large amount of time and money can be necessary to define all of these 
material properties with great certainty. 
Testing for material properties can be a very difficult process, given the 
different tests and the results produced by each. The American Society for Testing and 
Materials (ASTM) produces standards for how to preform tests that are used to 
determine material properties. To test for many of the tensile material properties, one 
must follow ASTM standard D3039, which calls for specific specimen geometries and 
loading fixtures [18]. Another type of test that is necessary is a compressive test, 
which could be completed using ASTM standard D3410 [19], or D6641 [20]. These 
are only a few of the many different tests that must be performed to find the necessary 5 
 
material properties to define a set of progressive damage criteria. The number and cost 
of performing all of these tests brings up the desire to know which of the material 
properties really affect a model of a CFRP panel. If several of these material properties 
have little or no effect when varied by a significant amount, then it would be 
reasonable to spend less time and money on getting accurate testing results by 
performing fewer tests. With several different material properties that are rather 
difficult to measure, and are generally not provided by manufacturers, it is helpful to 
know which of these properties will have little effect if they are not extremely 
accurate, and which properties will have a great effect on the outcome of a simulation. 
One such way to find which of these material properties are insignificant is to perform 
a sensitivity study [21, 22, 23].  
1.2  Sensitivity Studies 
A sensitivity study is a type of analysis that seeks to find how the outcome of 
an event can be attributed to different causes. Preforming sensitivity studies generally 
involves completing several simulations or physical experiments while varying levels 
of different factors in specific ways and comparing the level of the output. By 
observing the changes in the output based on the changes in the inputs, one can 
determine the effect of individual factors and which have more or less influence on the 
outcome.  There are several different ways that the factors can be varied. 
  There are two main types of sensitivity studies that can be performed based on 
what type of information one wishes to find: single factor variation and factorial 
analysis. Of the two types, the most basic type involves varying single factors 6 
 
individually while each of the other factors remains at a constant level. For each run, 
the factor that is being varied can be varied at as many levels as desired to understand 
the effect of that factor. There are generally not many runs necessary to complete this 
type of study, since only one factor is being changed at a time, meaning that the 
number of runs is the sum of the number of levels for each factor. Using all of the 
runs, the results can be compared to see how much the outcome is changed by each 
factor. The other method that can be used is a factorial design [21, 22, 23]. The 
purpose of a factorial design is to compare factors to see how several factors, or 
combinations of factors, will affect a final outcome. In this method, each factor is 
varied concurrently. Usually factors are usually varied two to four levels each. The 
amounts of runs necessary for this method can expand rapidly, as a full factorial 
analysis of this type will require the product of the number of levels for each factor. 
For example, an analysis with five factors, varied at three levels each will require 3
5, 
or 243 runs. This type of analysis can be done with a mixed number of levels as well, 
meaning that one could decide that two of those factors need to be varied at only two 
levels. This would result in 2
2×3
3, or 108 runs. All of these runs can be combined and 
analyzed to provide information about each factor’s effect, as well as the effect of 
several factors changing at the same time. 
1.3 Literature Review 
Sensitivity studies have been performed to determine the significance of 
material properties and other types of factors and how they affect results using a 
variety of different methods. Each study uses one of the two methods described in the 7 
 
previous section, although some have additional variations. The following is a 
summary of several studies that use sensitivity studies involving material properties. 
A study performed by Panagiotopoulou et al. [24] examined the effects on 
strain values of changing properties of the periodontal ligament (PDL) while modeling 
mandibles of macaques. This study used the single factor variation method with 
different amounts of levels while using the finite element package VoxFE. The factors 
used were the Young’s modulus of the ligament, and the geometry of the ligament. In 
their study, the seven different values of Young’s modulus used for modeling the PDL 
were found in literature, as well as the four different geometries. Overall, a total of 12 
different scenarios were run, and compared to experimental data to both validate the 
model, and test for the sensitivity of changing the two parameters. It was determined 
that the most accurate Young’s modulus for the PDL was 0.07 MPa. This value was 
then used to test the sensitivity of the four different geometries of the PDL. The results 
of those four runs were compared to modeling with no PDL, and compared to 
experimental data to find the best geometry. 
Hyer and Lee [25] performed a study on graphite composites to examine how a 
variational ply layup could increase the buckling load of a panel with a center-hole. 
This study used the finite element method varying one factor at a time. The parameters 
in this study were the fiber orientation in each of 18 different regions. The authors 
sought to optimize a layup for buckling strength using a curvilinear fiber format. Each 
region was varied from -90° to 90° to produce a sensitivity curve. This assumes that 
the best layup for each region is independent of the other regions, which they reasoned 8 
 
to be not completely true, so a method called gradient-search [26] allowed them to 
find an optimized layup using all of the regions. 
Queiroz, Vellasco, and Nethercot [27, 28] performed a sensitivity study as part 
of their larger study on modeling steel-concrete composite beams for construction. 
This study used single factor variation for modeling the beams using ANSYS. In their 
study, there were three factors, the compressive strength of the concrete, the yield 
stress of the steel used in the web and flanges, and the ratio of strains at strain 
hardening and at yield. Since the sensitivity study is only a small portion of the entire 
study on finite element modeling, the methods used are not detailed. However, it was 
determined that while the strength of the concrete did have the potential to change the 
failure mode from slab crushing to stud failure, its effect was not as great as changing 
the yield stress of the web. Also, the ratio of strains at strain hardening and yield was 
determined to not have an effect on the response of the beam. 
Dar et al. [29] determine how five different factors affect the simulated stress 
in a cantilevered beam. This study used several different factorial analysis designs 
being simulated with the finite element program ANSYS. The five factors studied are 
the applied force, and the breadth, height, Young’s modulus, and Poisson’s ratio of the 
beam. In their paper, Dar et al. gave a good description of what factorial analysis is. 
They mentioned that a full factorial of five factors at two levels, consisting of 32 runs, 
was performed first. Also, they mentioned a three-level fractional factorial design 
using 18 runs. A fractional factorial means that not all of the effects of interactions 
between factors can be specifically known, as they are confounded with other effects. 9 
 
Lastly, they actually described and developed the results of a four-level fractional 
factorial design that only used 16 runs. Their final design only allowed for analysis of 
the main factors, not interactions. They found that of the five factors, the Young’s 
modulus and Poisson’s ratio had no effect, and the breadth very little effect, while the 
other two greatly affected the measured stress. 
Ng, Teo, and Lee [30] conducted a factorial analysis focusing on a model of 
the C4-C6 vertebrae. This study used a factorial analysis while being simulated using 
finite element analysis. They completed a full factorial analysis of the Young’s 
modulus of six different portions of the model by varying each parameter ±20% in 
every combination available. This meant that there were 64 runs for each of three 
loading conditions. For each run, biomechanical responses and stresses were recorded 
and analyzed. It was determined that the material properties of the disc annulus had 
the greatest impact on both the external responses and internal stresses. This article 
used the most classical type two-factor factorial analysis out of the others mentioned. 
1.4  Topic of this Work 
In this study, a sensitivity study is performed on modeling notched CFRP 
panels using progressive damage modeling on different ply layups under tension and 
out-of-plane bending to identify significant material properties. The model of 
progressive damage that will be used is the Hashin damage criteria. Not only is Hashin 
accurate and a widely used progressive damage model, but it is fully supported by the 
commercial FEA package Abaqus, which will be used throughout this study. These 
methods allow for one to differentiate in what way a laminate will fail: either in 10 
 
tension or compression in the fiber direction, or tension or compression in the 
transverse direction. To fully define this set of damage criteria, these ten different 
material properties are necessary:  
  Tensile and compressive strength in the fiber direction, 
  Tensile and compressive strength in the transverse direction, 
  Longitudinal shear strength, transverse shear strength,  
  Tensile and compressive fracture energy for the fiber,  
  Tensile and compressive fracture energy for the matrix.  
These values all appear, in one form or another, in Section 2.2, which defines the 
damage model for this work. 
The main purpose of this study is to better understand which material 
properties are most significant in a variety of situations. Currently, there are no studies 
of this kind in the literature that provide researchers with the information to know 
which material properties are significant to the results of a simulation. To find this 
information, eight fractional factorial analyses will be performed with ten factors each. 
The ten factors will be the ten damage parameters listed previously. There will be five 
different ply layups studied in in-plane tension, with three of those also being studied 
in out-of-plane bending. The results of this study will provide researchers with the 
information necessary to know which damage parameters will be most significant, and 
therefore, which to focus their time and money on getting more accurate values. 
The rest of this work will contain several sections related to the study. First, a 
detailed description of the progressive damage model used for this work will be given. 11 
 
Then, the methods of the study will be discussed, including descriptions of the finite 
element model and the factorial analysis to be used for the sensitivity study. Following 
the methods will be the results and a description of what they mean for each layup 
being analyzed. Lastly, a comparison of the two loading scenarios will be made, and 
conclusions will be given regarding which damage parameters can be considered 
significant in the situations addressed in this work. 
2.0 Progressive Damage Model 
2.1  Hashin Damage Initiation 
In the Hashin progressive damage model, the point at which damage initiates is 
determined by measuring when each of several damage criteria is met. Each damage 
criteria compares the different measured stresses against the strength properties of the 
respective material. For all of the equations in the two sections, the 1-coordinate 
direction is aligned with the fibers, while the 2-direction coordinate is transverse to the 
fibers. The equations relating the modes of failure to the material properties are as 
follows [31]:  
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In equations (1) through (4),  ˆ  ii is the effective stress in the i-direction and  12 ˆ   is the 
effective in-plane shear stress. In the equations above, X
T and X
C respectively 
represent the tensile and compressive strengths in the direction of the fiber. Also, Y
T 
and Y
C respectively represent the tensile and compressive strengths in the transverse 
direction. Lastly, S
L and S
T represent the longitudinal and transverse shear strength. In 
equation (1), the variable α determines the contribution of shear stress to the fiber 
tension mode of failure, which Hashin [11] suggests should be unity.  
2.2  Abaqus Energy-Based Damage Evolution 
Along with knowledge of how a specimen will start to fail, a loading scenario 
can only be fully understood if there is also knowledge of what will happen after 13 
 
damage initiates. The commercial FEA program Abaqus employs an energy-based 
method which is much more complex than Hashin’s damage initiation criteria [32]. 
The complexity arises because rather than just finding when the linearly elastic 
material will start to damage, the damage evolution parameters model how the 
material will respond after damage has already occurred. This response is called strain 
softening, meaning that as the strain increases, the load carrying ability decreases. The 
response is computed using  d C , where ε is the strain and Cd is the damaged 
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d C   (5) 
In this equation, D is a combination of variables as shown in equation (6), while df, dm, 
and ds are damage state variables for the fiber, matrix, and shear, respectively. E1, E2, 
G, ν12, and ν21 are the usual orthotropic elastic constants. 
 
12 21 1 (1 )(1 ) fm D d d        (6) 
  Each of the three damage state variables is derived from damage variables that 
correspond to the four damage initiation modes. The three equations corresponding to 
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  1 (1 )(1 )(1 )(1 )
t c t c
s f f m m d d d d d         (9) 
In equations (7) and (8),  11 ˆ  and  22 ˆ  have the same definitions as in equations (1) 
through (4). 
  Information is gathered from the loading profile of the material and used to 
define what the damage variables are. Abaqus has rid the functions which involve the 
damage variables of mesh dependency by using a characteristic length so that the 
constitutive law can be in terms of stress and displacement, rather than stress and 
strain. A simplified depiction of what the stress-displacement plot looks like using 
Abaqus’ damage evolution is shown in Figure 1.  
 
Figure 1: Equivalent stress versus equivalent displacement (adapted from [32]) 15 
 
 
When damage has been initiated in a particular mode, the equivalent stress-equivalent 
displacement relationship, shown in Figure 1, controls how the material properties will 
degrade. The equivalent displacement and equivalent stress for each of the modes can 
be calculated as follows: 
Fiber tension ( 11 ˆ 0   ): 
  2 2
11 12
ft c
eq L        (10) 
 
11 11 12 12 ft
eq ft c
eq L
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   (13) 
  Matrix tension ( 22 ˆ 0   ): 
  2 2
22 12
m t c
eq L       (14) 
 
22 22 12 12 mt
eq m t c
eq L








  Matrix compression ( 22 ˆ 0   ): 
  2 2
22 12
m c c
eq L         (16) 
 
22 22 12 12 mc
eq mc c
eq L




   (17) 
In equations (10) through (17), L
c is the characteristic length of the element, which is 
defined as the square root of the area for shell elements. Also in equations (10) 
through (17), the bracket symbols represent the Macaulay bracket operator, which is 






   (18) 
Using the equivalent stress-equivalent displacement relationship, after the 
point where damage occurs, which can be represented as 
0
eq eq    in Figure 1, the 
damage variable for each mode can be calculated using equation (19). 














  (19) 
This damage variable varies from 0 at the point damage initiates to 1 at the point 
labeled 
f
eq in Figure 1.  
  The piece of information that is missing from this method is the area under the 
equivalent stress-equivalent displacement profile, which is known as the fracture 
energy, G
c [32]. Since the slope of the left side of the profile can be calculated from 
the Young’s modulus, and the height of the profile is the equivalent strength, the area 17 
 
under the curve is all that is necessary to determine the full profile, and thus the 
damage variables. To properly define damage evolution for a material, this G
c value 
must be known for each of the failure modes. 
3.0 Methods 
  The methods of this study can be broken down into two main sections; finite 
element modeling, and factorial analysis. The modeling for this study consists of a 
finite-element model of a notched CFRP panel subjected to boundary conditions that 
represent in-plane tension and out-of-plane bending. The factorial analysis that was 
used is a fractional factorial analysis using either a 2
10-4 or 2
10-5 construction, 
depending on whether the analysis was for bending or tension, respectively.  
3.1 Finite Element Model 
  The finite element model used in this study is a conventional shell model using 
Abaqus’ S4 element with four nodes. This type of element provides accurate modeling 
without greatly increasing the computational time needed for each run. Each element 
consists three integration points through the thickness for each lamina. The mesh, 
which is fine near the notch where damage is most common and coarse near the edges, 







This mesh is particularly suited for this study because of its high density of equal sized 
elements surrounding the notch. With increasingly small elements near the notch tip, 
an unrealistic concentration of stress and damage tends to occur, so keeping elements 
that are approximately equal in size around the notch is important. The size of the 
smaller elements around the notch tip was chosen because this mesh was the coarsest 
mesh that showed convergence with an elastic solution. That is, when modeled 
without damage, this mesh was the coarsest that did not significantly alter the results. 
Coarser meshes provide different results, while finer meshes do not have a significant 
effect. The entire model is made up of 3868 elements that are approximately 0.0625 
inches on a side near the notch, and 0.25 inches by 0.5 inches on the outer edges of the 
model. The two different loading scenarios that are used for the study have different 
boundary conditions which are shown in Figure 3 and Figure 4.  
 
Figure 2: Mesh of finite element model 19 
 
 
Figure 3: Boundary conditions for specimen loaded in tension 
 
 
Figure 4: Boundary conditions for specimen loaded in bending 20 
 
 
The FEA models for the specimen loaded in bending are based on previous studies 
performed by Kennedy et al. [5] and Arias [33]. In their study, Kennedy et al. were 
able to accurately model physical experiments with the device shown in Figure 5 using 
the methods used in this study to within ten percent. Their work validates the model, 
and its ability to accurately simulate the loading conditions used for this study.  
 
 
Figure 5: Physical bending apparatus for proprietary testing [5] 
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In order to have results that can be applied to many different situations, five 
different symmetric ply layups are used, as shown in Table 1. These layups consist of 
eight plies, each 0.006 inches thick, arranged symmetrically, each using a combination 
of 0°, 90°, 45°, and -45° fiber orientations. 
 
Table 1: Layups used 
Layup 1  Layup 2  Layup 3  Layup 4  Layup 5 
0°  0°  -45°  90°  90° 
0°  45°  45°  -45°  90° 
0°  0°  -45°  90°  90° 
0°  45°  45°  -45°  90° 
0°  45°  45°  -45°  90° 
0°  0°  -45°  90°  90° 
0°  45°  45°  -45°  90° 
0°  0°  -45°  90°  90° 
 
For this study, a CFRP material that is fully described in a study by Wong et 
al. [34] is used. In Table 2 through Table 4, all of the nominal material properties are 
given for this material. Table 2 lists the elastic properties for the CRFP lamina, Table 
3 lists all the strength properties that are needed to define the Hashin damage initiation 
criteria, and Table 4 lists the fracture energies needed for the Abaqus specified 
damage evolution criteria.   22 
 
Table 2: Elastic material properties of the lamina [34] 
Material 
Property  Value 
E1 (psi)  1.91E+07 
E2 (psi)  1.38E+06 
ν12  0.326 
G12 (psi)  7.64E+05 
G13 (psi)  1.02E+06 
G23 (psi)  4.92E+05 
 








T (psi)  A  1.93E+05 
X
C (psi)  B  1.57E+05 
Y
T (psi)  C  1.03E+04 
Y
C (psi)  D  3.21E+04 
S
L (psi)  E  1.03E+04 
S
T (psi)  F  1.37E+04 
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Gft (lb/in)  G  11.42 
Gfc (lb/in)  H  11.42 
Gmt (lb/in)  I  1.88 
Gmc (lb/in)  J  1.88 
 
 
3.2 Factorial Analysis 
  For this work, a two-level fraction factorial analysis was used. In a two-level 
factorial analysis, each of the factors is given a high and a low value, which represent 
the two levels. Each of the runs will produce a result that can then be compared to the 
other results using a specific method, as defined in the section to follow. 
A symbolic example using two different cars and two different drivers will 
help illustrate a two factor analysis. In Table 5, the top speeds for each driver, labeled 
A, are paired with each car, labeled B. There are two different types of effects that can 
be estimated from this data; the main effect, and the interaction effect. Both of these 
types of effects can be better explained by considering another type of effect, the 
simple effect. The simple effect contrasts the two values for one factor, while holding 
the other factor constant. For example, the simple effect of the car type (factor A in 
Table 5) on the top speed with the first driver (factor B1) is the difference between the 
two speeds, or 65 – 68 = -3. Similarly, the simple effect of factor A with the second 24 
 
driver is 97 – 60, or 37. The main effect of each factor is the average of the simple 
effects for that factor. For example, the main effect of factor A is the average of 37 and 
-3, or 17, while the main effect of factor B is the average of -8 and 32, or 12. Lastly, 
the interaction effect is the difference between the simple effects of one factor at two 
different levels of another factor. For example, the interaction effect of factor B with 
factor A is defined as the difference between 37 and -3, or the difference between 32 
and -8, which has a result of 40 in both cases. This simple explanation of a factorial 
analysis with two factors can be greatly expanded and complicated to solve much 
more difficult problems. 
 
Table 5: Top speeds of each car and driver combination 
    Driver (B)   
Car (A)    Driver 1 (B1)  Driver 2 (B2)  Car Means 
Car 1 (A1) 
 
68  60  64.0 
Car 2 (A2) 
 
65  97  81.0 
 
Driver Means 







When dealing with more factors, a two-level factorial treatment design is made 
that uses high and low values for each of the factors, resulting in a 2
n factorial. The 
reason it is referred to as a 2
n factorial is that to discover all of the main effects and 25 
 
interaction effects, there must be 2
n different runs, usually found through either 
experimentation or simulation. By inspecting the results of the tests, one can find the 
simple effects of each factor at constant levels of the other factors, which leads to 
finding the main effect of each factor as well as the interaction effects of any two, 
three, and so on up to n factors. The problem with a full 2
n factorial is that the amount 
of experiments or analyses expands rapidly with the amount of factors. The solution to 
this problem is to use a fractional factorial. 
In many situations, completing a full factorial treatment design is a large task 
with more experiments than one can do within a reasonable amount of time with 
limited resources, but the analysis produces a great deal of information. A fractional 
factorial requires far fewer runs, but loses resolution at the higher-order interaction 
levels. The information given by a full factorial treatment is so expansive, that it may 
not be fully necessary in providing an understanding of the situation that is being 
analyzed. For example, with a full 2
7 factorial design, a minimum of 128 runs of a 
process are necessary to gather the results. The results given by this type of factorial 
include 7 main effects, 21 two-factor interaction effects, 35 three-factor interaction 
effects and an additional 64 interaction effects that include four or more factors. These 
high-order interactions of several factors generally have a smaller effect than lower-
order interactions, and can be considered negligible. 
Fractional factorial experiment designs cut the amount of runs necessary in 
half, quarter, eighth, or even smaller fractions, depending on how much resolution one 
is willing to lose and how many runs are feasible. With each increasing cut of the full 26 
 
factorial, more and more interaction factors get confounded. For example, in a 2
3-1 
fractional factorial, only four runs are necessary, rather than the full factorial which 
requires eight. However, since effects are confounded, it is impossible to tell the 
difference between the main effect of one factor, and the interaction effect of the other 
two. This issue is known as aliasing or confounding. This phenomenon has less of an 
influence as the factorial becomes larger. For example, in a 2
5-1 fractional factorial, 16 
runs are needed, rather than 32, and each of the main effects is aliased with only a 
four-factor interaction affect, which can generally be ignored. However, if fewer than 
half of the original runs are desired, a 2
n-p factorial is necessary, where p changes how 
many runs will be necessary to complete the analysis. However, p must be kept 
relatively small, because each effect will have 2
p-1 aliases. An example of a fractional 
factorial design that has been reduced to the point that aliasing becomes a major issue 
is a 2
7-4 fractional factorial where each main effect is aliased with three different two-
level interactions. To determine how much aliasing will occur, fractional factorial 
analyses can be characterized in several classes, known as the resolution of the 
analysis. A Resolution III factorial means that no main effects are aliased with each 
other, but they are aliased with two-factor interactions. In a Resolution IV factorial, all 
main effects are only aliased with three-factor or higher interactions, but two-factor 
interactions are confounded with other two-factor interactions. A Resolution V 
factorial has no main effect or two-factor interaction that is confounded with any other 
main effect or two-factor interaction. The use of the proper resolution of fractional 
factorial greatly reduces the amount of runs without losing too much vital information. 27 
 
A fractional factorial can even be used to merely weed out factors that have little or no 
effect at all, and allow for a smaller full factorial to take place with only the factors 
that have larger effects.  
For this study, two different fractional factorial designs were used, depending 
on the loading scenario. The two different factorial designs are a 2
10-5 and a 2
10-4 
fractional factorial design which can be found in Table 9 and Table 10 respectively, in 
Appendix A. In each of the designs, the two levels used are twenty percent above and 
twenty percent below the nominal value of the particular factor. For the tension cases, 
the factorial design used is a 2
10-5 fractional factorial design, which is Resolution III. 
For the bending cases, the design is a 2
10-4 fractional factorial design, which is 
Resolution IV. The confounding structure of both of these is found in Table 6 and 
Table 7.  
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Table 6: Confounding structure for 2
10-5 fractional factorial experiment 
Aliases 
LA = A+BJ  LAC = AC+FG  LBG =BG+CI 
LB =B+AJ  LAD = AD+EF  LBH =BH 
LC =C  LAE = AE+DF  LCD =CD+EG+HJ 
LD =D  LAF = AF+BI+CG+GI  LCE =CE+DG 
LE =E  LAG = AG+CF  LCH =CH+DJ 
LF =F+IJ  LAH = AH  LCJ =CJ+DH 
LG =G  LAI = AI+BF  LEH =EH+GJ 
LH =H  LBC =BC+GI  LEJ =EJ+GH 
LI =I+FJ  LBD =BD+EI  LFH =FH 
LJ =J+AB+FI  LBE =BE+DI  LHI =HI 
 
Table 7: Confounding structure for 2
10-4 fractional factorial experiment 
Aliases 
LA = A  LAB = AB+GH  LBD = BD  LCI = CI+DJ  LEJ = EJ 
LB = B  LAC = AC  LBE = BE  LCJ = CJ+DI  LFG = FG 
LC = C  LAD = AD  LBF = BF  LDE = DE  LFH = FH 
LD = D  LAE = AE  LBI = BI  LDF = DF  LFI = FI 
LE = E  LAF = AF  LBJ = BJ  LDG = DG  LFJ = FJ 
LF = F  LAG = AG+BH  LCD = CD+IJ  LDH = DH  LGI = GI 
LG = G  LAH = AH+BG  LCE = CE  LEF = EF  LGJ = GJ 
LH = H  LAI = AI  LCF = CF  LEG = EG  LHI = HI 
LI = I  LAJ = AJ  LCG = CG  LEH = EH  LHJ = HJ 




10-5 analysis for the tension scenarios is repeated for each of the five ply layups, 
while the 2
10-4 analysis for bending is repeated for only the first three ply layups. The 
resulting analysis of all the runs produces a set of significant factors, which identify 
which material properties have the greatest effect on maximum load in each of the 
different cases.  
The method for determining which factors are significant uses a normal 
probability plot. The purpose of this method is to determine whether differences in 
results can be attributed to random variation that would be acceptable with a normal 
distribution, or if they are markedly different due to changes in levels of the factors. 
When the effects of each factor are paired with values of a normal distribution, 
centered at zero, and plotted, a straight line would signify that the values fall within 
normal probability and that the differing levels of factors have no effect. On the 
contrary, if any of the plotted effects do not lie on a straight line, they cannot be 
labeled chance occurrences, but rather direct effects of a factor. In their text, Box, 
Hunter, and Hunter [35], give an example using a process development study with 
four factors. The normal plot is shown in Figure 6. In this plot, the points labeled LA, 
LD, LBD, and LB clearly do not lie on a line, as all the other factors do. In this case, it 
can be claimed that those four factors are significant and cause changes outside the 




4.0 Results  
  The results for this study can be broken down into separate categories, based 
on loading condition. The first set of results are for the in-plane tension loading 
scenario, while the second set of results correspond to the data gathered from the out-
of-plane bending runs. The method of plotting the values of effects on a normal plot is 
used to determine which factors are significant. For each of the layups, a normal 
probability plot of the effects will be given with significant effects labeled. Each of the 
effects will be labeled with a code that corresponds to letters assigned to each factor. 
Figure 6: Normal plot example showing significant factors [34] 31 
 
In cases where two letters are given, that signifies that the effect in the interaction 
between two factors. The reason the code is given, rather than just the factors, is due to 
the fact that some of the effects are confounded with other effects, so the code could 
correspond to two or more different sets of effects based on the confounding structures 
shown in Table 6 and Table 7. 
4.1 In-Plane Tension 
  Each of the five layups described in Table 1 were simulated as being loaded in 
tension until after the maximum load had been reached, and significant unloading had 
occurred due to damage and reduced load-carrying capabilities of the specimen. The 
reason it was necessary to ensure that significant unloading had occurred was due to 
the fact that in some cases, a small amount of damage can cause a drop in the load, but 
the specimen can still continue to hold more load with increased displacement. A 
typical load versus displacement plot of this scenario is shown in Figure 7. Each of the 
layups had a total of 32 different runs with the factors varied up or down as shown in 
Table 9 in Appendix A. The resulting maximum loads are recorded in Table 16 and 




Figure 7: Typical loading of tensile specimen 
 
  The first layup, consisting of eight 0° plies produced effects which are shown 
in order in Table 8 to show how the effects translate to a plot, and graphed with a line 
showing the approximate standard distribution in Figure 8. For the remaining layups, 
tables of the effects can be found in Appendix C. For this layup, there was only one 
significant effect, which was LA. 
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Table 8: Aliased effects for Layup 1, [08], loaded in tension 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
3031  -622  -294  -36  198  428  463  -238  -110  -20 
LAC  LAD  LAE  LAF  LAG  LAH  LAI  LBC  LBD  LBE 
-648  -678  870  -213  586  -690  -480  38  -460  68 
LBG  LBH  LCD  LCE  LCH  LCJ  LEH  LEJ  LFH  LFI 
245  -223  -99  -804  -90  541  -207  -534  504  -451 
 
 
Figure 8: Normal probability plot of effects for Layup 1, [08], loaded in tension 
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  The analysis of the results of the first layup revealed that the most significant 
effect in the load carrying ability of the specimen was LA. This effect corresponds to 
either the main factor of the tensile strength in the fiber direction, X
T, or the interaction 
between compressive strength in the fiber direction and compressive fracture energy 
of the matrix, or X
C and Gmc. To avoid any unnecessary assumptions, another smaller 
factorial analysis was performed using only the three factors that might be involved. 
This 2
3 factorial design can be found in Table 11 in Appendix A, with results in Table 





Figure 9: Normal probability plot for 2
3 factorial analysis for Layup 1, [08], loaded in 
tension 
 
The additional analysis revealed that LBJ, which was initially confounded with 
LA, is not significant. Therefore, since the effect LA is significant in both factorial 
designs, it is the significant effect. The effect LA corresponds to the main effect of 
factor X
T for the first layup, which means that the strength of the fibers has the greatest 
effect on the overall strength of the laminate.  
In the scope of this study, these results for the first layup loaded in tension 
mean that a high level of accuracy is necessary for X
T, while it is not necessary for the 
other material properties. To prove this explicitly, three additional runs were 36 
 
completed. For the first run, each material property was set at the nominal (accurate) 
value as shown in Table 3 and Table 4. The next run had only X
T
 at an increased level 





T, Gft, Gfc, Gmt, and Gmc) at the 
nominal level. Lastly, the nine insignificant factors were increased by 20%, while X
T 
was left at the nominal level. The results are shown in Figure 10. This can be 
interpreted as showing that by increasing all of the insignificant factors, there was less 
of an effect on the solution than when increasing only the significant factor. When 
increasing only the significant factor, the result increases by 20.5%, while the result 
only increases by 11.6% when the other nine factors are increased at the same time. 
 
 
Figure 10: Runs at nominal level, with significant factors increased and others at 
nominal level, and with insignificant factors increased and significant factors at 
nominal level for Layup 1, [08], loaded in tension 
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The two different factorial analyses, as well as the individual case study all 
support each other and have common results. When dealing with a CFRP panel that 
has all 0° plies loaded in tension, the most important material property to find with a 
high level of accuracy is the tensile fiber strength. 
The second layup, which consists of 0° and 45° plies alternating, produced 
fairly similar results. While somewhat less defined, the effect LA is still the only 
significant factor for this layup as well. All of the effects for Layup 2 are plotted on a 
normal probability plot in Figure 11. 
 
 
Figure 11: Normal probability plot of effects for Layup 2, [(0/45)2]s, loaded in tension 38 
 
 
The analysis of the results of the second layup revealed that again, the most 
significant effect in the load carrying ability of the specimen was LA. The same 
process of performing a second smaller factorial analysis, as described in Table 11 
with resulting maximum loads in Table 18, was completed using the same 2
3 design as 
before. The normal probability plot for this factorial analysis is shown in Figure 12. 
 
 
Figure 12: Normal probability plot for 2
3 factorial analysis for Layup 2, [(0/45)2]s, 
loaded in tension 
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The additional analysis revealed that LBJ, which was initially confounded with 
LA, is not significant. Therefore, since the effect LA is significant in both factorial 
designs, it is the significant effect. The effect LA corresponds to the main effect of 
factor X
T for the second layup, which means that the strength of the fibers has the 
greatest effect on the overall strength of the laminate. The biggest difference between 
the second layup and the first was the magnitude at which this effect influenced the 
result. Rather than contributing over 3,000 pounds to the load carrying ability in the 
2
10-5 factorial study, the effect LA contributed merely 1,500 pounds. This is due to the 
fact that half of the plies were not oriented in line with the loading, and therefore, the 
fibers were not in as much direct tension.  
The same type of case study that was performed for the last layup was again 
performed for this one. Since the same factor was significant, the same there runs were 
completed with Layup 2. The results are shown in Figure 13. This can be interpreted 
as showing that by increasing all of the insignificant factors, the resulting maximum 





Figure 13: Runs at nominal level, with significant factors increased, and with 
insignificant factors increased for Layup 2, [(0/45)2]s, loaded in tension 
 
For the second layup, loaded in tension, all of the different types of analyses 
again agreed and had the same results. Thus, when dealing with a CFRP panel that has 
alternating 0° and 45° plies loaded in tension, the most important material property to 
find with a high level of accuracy is the tensile fiber strength. 
The third layup, which consists of -45° and 45° plies alternating, had a 
different effect that was most significant, but also had other significant effects as well. 
The most significant effect was LE, followed by two other significant effects; LA and 
LAE. All of the effects for Layup 3 plotted on a normal probability plot in Figure 14. 
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Figure 14: Normal probability plot of effects for Layup 3, [(-45/45)2]s, loaded in 
tension 
 
The third layup is the first time that the results and analysis do not reveal a 
clear-cut significant effect. The effect LE is has only one associated factor, which is the 
longitudinal shear strength, or S
L. This factor was not a surprise due to the fact that 
there should be shearing forces between the plies due to the fact that the plies are 
perpendicular to each other. Also, the 45° angles that the plies are being pulled at 
would cause the plies to slide against each other as the specimen elongates. The other 
two significant effects are both confounded with two-factor interactions, so additional 
analysis was necessary. To ensure that the previous results are correct, every factor 42 
 
that could possibly be involved was included in a 2
6-1 factorial analysis. This factorial 
design can be found in Table 12 in Appendix A, with results in Table 18 in Appendix 
B. The normal probability plot for this factorial analysis is shown in Figure 15. 
 
 
Figure 15: Normal probability plot for 2
6-1 factorial analysis for Layup 3, [(-45/45)2]s, 
loaded in tension 
 
The second factorial analysis revealed much of the same results as the first one 
for this layup. In this case, LE is still the most significant, followed by LAE and LA. The 
two confounded factors, LDF and LBJ are both insignificant in this analysis. Therefore, 43 
 
LA corresponds to the main effect of X
T and LAE corresponds to the effect of the 
interaction between X
T and S
L. Thus the significant factors, in order of significance, 
are the main effect of factor S
L, the main effect of factor X




This layup is the first time that an interaction between two factors has been 
significant, so further explanation will be provided. A method that is commonly used 
to visualize interaction effects is called an interaction plot, which can be generated 
using the program Statgraphics. In this plot, there are two lines which each track the 
average response of a factor at each level, which is the maximum load in this case. 
One line represents the response at the low level of a second factor, while the other 
line represents the high level of that second factor. If the lines have a large slope, then 
the first factor is significant on its own. If the two lines are far apart, this signifies that 
that second factor is significant. However, the important part of this type of plot is the 
differences in the slopes of the lines. If the two lines have very similar slopes, the 
interaction effect is insignificant. However, if the two lines have differing slopes, this 
signifies that the interaction will have an effect on the overall response. In other 
words, the effect of a factor depends on the level of another factor, whereas with an 
insignificant interaction, the effect of a factor is independent of the other. Using results 
from the 2
10-5 analysis for this layup, the significant interaction of S
L and X
T is shown 
in Figure 16 (a), while an insignificant interaction, X
T and Y





Figure 16: (a) Interaction plot for S
L and X
T  (b) Interaction plot for Y
C and X
T for 
Layup 3, [(-45/45)2]s, loaded in tension 
 
In this case, the specific interpretation of Figure 16 (a) is important to 
understanding the interaction effect. The dashed line shows that when S
L is at a low 45 
 
level, X
T has a fairly low effect, an average of approximately 50 pounds. The solid line 
shows that when S
L is at a high level, X
T has a much higher effect of approximately 
350 pounds on average. Therefore, the interaction between S
L and X
T is significant. A 
simple interpretation of Figure 16 (b) shows that no matter what the level of Y
C is, X
T 
has an effect of approximately 200 pounds. 
Since there are multiple significant effects, the case study method that was 
previously used had to be altered slightly. This time, both S
L and X
T are significant, as 
well as their interaction, so for the “significant effects” run, both of these factors were 
increased by 20%, while the “insignificant effects” run consisted of raising the other 8 
factors by 20%. The results for this case study are shown in Figure 17. In this case, 
increasing the significant factors caused a 26.3% increase in maximum load, while the 




Figure 17: Runs at nominal level, with significant factors increased, and with 
insignificant factors increased for Layup 3, [(-45/45)2]s, loaded in tension 
 
All of the different analyses that were completed for this layup agreed and 
pointed to a common answer. When dealing with a CFRP panel that has alternating -
45° and 45° plies loaded in tension, the most important material properties to find with 
high levels of accuracy are the longitudinal shear strength and the tensile fiber 
strength. This is due to the fact that both of these factors are significant, as well as 
their interaction. 
The fourth layup, which consists of 90° and -45° plies alternating, had the 
largest number of significant effects, but also was very clear with its insignificant 
effects. The most significant effect was LC, followed by three other significant effects; 47 
 




Figure 18: Normal probability plot of effects for Layup 4, [(90/-45)2]s, loaded in 
tension 
 
The analysis of the runs for the fourth layup revealed a total of four significant 
effects. The first two significant effects have no aliasing with any other main effects or 
two-factor interactions, and are therefore correlated to the transverse tensile strength 48 
 
and the longitudinal shear strength, or Y
T and S
L, respectively. The next two factors 
both have confounding issues, so again, additional analysis is necessary. This time, 
with all of the significant factors, there were a total of 7 different factors involved in 
some way. Thus, a 2
7-2 factorial analysis was necessary to clear up any ambiguity. 
This factorial design can be found in Table 13 in Appendix A, with results in Table 18 




Figure 19: Normal probability plot for 2
7-2 factorial analysis for Layup 4, [(90/-45)2]s, 
loaded in tension 
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As previously stated, the effects LC and LE are both unconfounded and 
correspond to the main effects of Y
T and S
L. However, the effect LCE could previously 
have corresponded to the interaction between Y
T and S
L, or the interaction between Y
C 
and Gft, which are the compressive strength in the transverse direction and the tensile 
fracture energy of the fiber. The 2
7-2 factorial analysis proved that LCE corresponds to 
the interaction between Y
T and S
L. The effect LI could have corresponded to the main 
effect of Gmt, the tensile fracture energy of the matrix, or the interaction between S
T 
and Gmc, the transverse shear strength and the compressive fracture energy of the 
matrix. The 2
7-2 factorial analysis proved that LI corresponds to the main effect of Gmt. 
Thus, the four significant effects for the fourth layup are the main effect of factor Y
T, 
the main effect of factor S
L, the interaction effect of factors Y
T and S
L, and the main 
effect of factor Gmt. This means that the tensile strength of the laminate in the 
transverse direction, as well as the shear strength in the direction of the fibers, their 
interaction, and the tensile fracture energy of the matrix are most likely to have an 
effect on the overall strength of the laminate. 
For this layup, the case study consisted of a run with nominal values for each 
factor, a run with Y
T, S
L, and Gmt increased by 20% and the other factors at nominal 
level, and a run with all of the insignificant factors increased by 20% while the 
significant factors are held at the nominal level. The results of these three runs are 
shown in Figure 20. This shows that increasing the significant factors by 20% 
increases the resulting maximum load by 19.4%, while increasing the insignificant 




Figure 20: Runs at nominal level, with significant factors increased, and with 
insignificant factors increased for Layup 4, [(90/-45)2]s, loaded in tension 
 
Since one of the significant effects is an interaction between two factors, an 
interaction plot from Statgraphics is useful to get a better understanding of what is 
happening. In Figure 21, the dashed line represents the average of the runs where Y
T is 
at a low level, and the effect of S
L is only about 25 pounds. However, when Y
T is at a 
high level, as represented by the solid line, the effect of S
L is approximately 160 
pounds. Therefore, the effect of S
L is dependent on the level of Y




Figure 21: Interaction plot for Y
T and S
L
 for Layup 4, [(90/-45)2]s, loaded in tension 
 
Again, the four different types of analyses support the same results and 
conclusions. When dealing with a CFRP panel that has alternating 90° and -45° plies 
loaded in tension, the most important material properties to find with high levels of 
accuracy are the tensile strength in the transverse direction, the longitudinal shear 
strength, and the tensile fracture energy of the matrix. This is due to the fact that each 
of these factors are significant, as well as the interaction between two of them. 
The fifth and final layup, which consists of eight 90° plies, had only one 
significant effect. The most significant effect was LC. All of the effects for Layup 5 are 




Figure 22: Normal probability plot of effects for Layup 5, [908], loaded in tension 
 
The fifth and final layup produced the clearest significant factor out of all of 
the layups. This is not only due to the fact that the plot of the normal probability 
revealed a very clear outlier, but also due to the fact that the effect had no confounded 
two-factor interaction effects. The effect LC only corresponds to one factor, which is 
the tensile strength in the transverse direction, Y
T. Much like the first layup that 
contained only 0° plies and had a significant factor that was the tensile strength of the 
fibers, this layup contains only 90° plies, which directly leads to a significant factor 
that is the tensile strength in the transverse direction.  53 
 
For the fifth layup, the same type of case study was performed with the single 
significant factor being compared to the other nine insignificant factors. The results 
are shown in Figure 23. The effect of increasing the single significant factor by 20% 
was an increase in maximum load of 19.4%. However, increasing the other nine 
insignificant factors by 20% only resulted in increasing the maximum load by 0.2%. 
With this, it is clear that the single significant effect is important to find with high 
accuracy, while the others do not have a very large effect.  
 
 
Figure 23: Runs at nominal level, with significant factors increased, and with 
insignificant factors increased for Layup 5, [908], loaded in tension 
 
The results of the case study match with the original factorial analysis, and 
therefore, the results were confirmed. When dealing with a CFRP panel that has all 54 
 
90° plies loaded in tension, the most important material property to find with a high 
level of accuracy is the tensile strength in the transverse direction, while the other 
properties will have a lesser effect on the maximum load carrying ability of the panel. 
4.2 Out-of-Plane Bending 
  Three layups, Layup 1 through Layup 3 as described in Table 1, were loaded in 
out-of-plane bending. Only three layups are analyzed for the bending loading scenario 
is that the specimen does not respond well with the last two layups due to their 
compliant nature. The last two layups failed to reach maximum loads in almost all 
values of material properties. The specimens were deflected to their maximum 
allowable value, and still continued to bend but not break. For the three layups that 
were modeled, a 2
10-4 fractional factorial was performed, allowing for less aliasing and 
a clearer set of significant effects. Since there are fewer factors that are confounded, as 
shown in Table 7, there are 49 different main factor and two-factor interactions that 
create effects, rather than 30 in the previous 2
10-5 analysis. The load versus 
displacement plot for a typical bending run, as shown in Figure 24, has a similar shape 
to that of the tension scenario, however, the amplitude is typically much less, and the 
load is measured as a moment per unit width. The runs that were performed involved 
changing each factor by twenty percent above or below as dictated by the plan shown 
in Table 10, located in Appendix A. The resulting calculated maximum moments per 
unit width are recorded in Table 17 in Appendix B. For each of the three layups the 
normal probability plot will be given. 55 
 
 
Figure 24: Typical loading of out-of-plane bending specimen 
 
The first layup, consisting of eight 0° plies produced four significant effects 
which are labeled in Figure 25. There were three positive effects, LA, LB, and LAB. 




Figure 25: Normal probability plot of effects for Layup 1, [08], loaded in out-of-plane 
bending 
 
Since this analysis was done on a 2
10-4 fractional factorial, there is far less 
confounding of the effects, but with so many factors that are significant, an additional 
2
7-2 factorial analysis was necessary. This factorial design can be found in Table 14 in 
Appendix A, with results in Table 18 in Appendix B. The normal probability plot for 




Figure 26: Normal probability plot for 2
7-2 factorial analysis for Layup 1, [08], loaded 
in out-of-plane bending 
 
The results of this analysis clear up any previous concerns about confounding, 
as well as showing that some of the effects that were previously thought to be 
significant are actually insignificant. With the new 2
7-2 factorial analysis the 
significant effects are LA, LB, LAB, and LE, the last of which is a negative effect. These 
effects correspond to the main effects of X
T, X
C, their interaction effect, and the main 
effect of S
L. The interesting thing about the analysis for this layup is not necessarily 
which effects are significant, but how they are significant. This is the first layup thus 
far in the analysis that produced a negatively significant factor.  58 
 
Normally, an effect that is positive means that an increase in the factor causes 
an increase in the result; or a decrease in the factor causes a decrease in the result. 
However, in the case of a negatively significant effect, an increase in the factor causes 
a decrease in the result, while a decrease in the factor causes an increase in the result. 
In this particular scenario, since the factor in question is the longitudinal shear 
strength, this means that increased shear strength will cause a decrease in load 
carrying ability. While this can be confusing on the surface, that an increase in a 
particular strength will decrease overall strength, it can be explained. When the 
individual laminas are all facing the 0°-direction and have increased shear strength, it 
causes a sort of embrittlement of the overall laminate. The laminas cannot flex and 
bend against each other very easily. If a specimen with high shear strength is loaded in 
bending, it will be more likely to break at areas of high stress, which are the places 
near the notch tips with fewer loads being applied. However when the shear strength is 
lower, there is a little bit more compliance between the individual laminates, which 
allows the complete laminate to flex more before it breaks and carry more load. To 
illustrate this, the shear stress can be used to show this phenomenon, since S
L is the 
longitudinal shear strength. Additional runs were performed varying only S
L by 20% 
above and below the nominal level with the first and third layups, loaded in out-of-
plane bending. For these four runs, plots were produced using Abaqus to show the 
shear stress at the point of maximum applied moment. In Figure 27 (a), a stress 
concentration can be seen near the notch tip which caused the premature breakage of 
the panel, even with a higher strength. In Figure 27 (b) through (d), the shear stress 59 
 
does not show any concentrations that would cause the behavior previously seen. The 
stress concentration and premature failure only appear in the model which had higher 
shear strength when that parameter had a negative significance. 
 
 
Figure 27: Shear stress plots for (a) Layup 1 with S
L at +20% all else at nominal level 
(b) Layup 3 with S
L at +20% (c) Layup 1 with S
L at -20% (d) Layup 3 with S
L at -20% 
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To better illustrate the phenomenon of a negative effect, the normal case study 
was altered to show the effect. This time, there were five runs completed in the case 
study. The first run consisted of all ten factors at their nominal level. Next, a run was 
completed with X
T and X
C increased by 20% and the other eight factors at their 
nominal levels. Then, a run was completed with only S
L increased by 20%. This was 
followed by a run that had X
T and X
C increased by 20% and S
L decreased by 20% to 
give a run that would provide the maximum possible result using only the significant 
factors. Lastly, a run with the seven factors not involved in the previous two runs 
being increased by 20% was completed. The results of this case study are shown in 
Figure 28. By increasing the seven insignificant factors by 20%, the resulting 
maximum moment decreased by 7.2 %. This can be compared to increasing S
L, the 
negative effect, by 20%, which resulted in a decrease of 29.8%, and an increase in X
T 
and X
C, which increased the result by 11.8%, and an increase in X
T and X
C coupled 
with a decrease in S




Figure 28: Runs at nominal level, with positive significant factors increased, with 
negative significant factor increased, with positive factors increased and negative 
factors decreased, and with insignificant factors increased for Layup 1, [08], loaded in 
out-of-plane bending 
 
This layup has an interaction effect as one of the significant effects, so 
additional support from an interaction plot will help to clarify how this effect acts. In 
Figure 29, the dashed line represents the average of the runs where X
T is at a low level, 
and the effect of X
C is only about 13 inch-pounds per inch. However, when X
T is at a 
high level, as represented by the solid line, the effect of X
C is approximately 71 inch-
pounds per inch. Therefore, the effect of X
C is dependent on the level of X





Figure 29: Interaction plot for X
T and X
C for Layup 1, [08]s, loaded in out-of-plane 
bending 
 
Therefore, the four significant effects for the first layup loaded in out-of-plane 
bending, as supported by all of the presented analysis methods, are the main effect of 
factor X
T, the main effect of factor X
C, the interaction effect of factors X
T and X
C, and 
the main effect of factor S
L. 
The second layup, which consists of 0° and 45° plies alternating, produced 
similar results. The clear significant effects, in order of significance are LA, LB, and 





Figure 30: Normal probability plot of effects for Layup 2, [(0/45)2]s, loaded in out-of-
plane bending 
 
The analysis second layup, consisting of 0° and 45° plies produced fairly clear-
cut results. The three significant effects revealed for this layup were LA, LB, and LAB. 
While LA and LB are both unconfounded and correspond to only one effect, the 
interaction effect LAB could correspond to two different effects, which required 
additional analysis. To clear up the confounding, a 2
5-1 factorial analysis was 
performed using the four factors that may have been involved, as well as S
L, to provide 
additional factors to compare to without a significant increase in necessary runs. This 
fractional factorial design and its results can be found in Table 15 and Table 18, 64 
 




Figure 31: Normal probability plot for 2
5-1 factorial analysis for Layup 2, [(0/45)2]s, 
loaded in out-of-plane bending 
 
The results of the additional factorial analysis prove that the effect LAB 
corresponds to the interaction between X
T and X
C rather than the interaction between 
Gft and Gfc. Thus, the three significant effects for the second layup, loaded in out-of-
plane bending are the main effect of the factor X
T, the main effect of the factor X
C, and 65 
 
the interaction effect of the factors X
T and X
C. As with the other layups, a case study of 
three runs was completed. The three runs used nominal levels, significant factors 
increased by 20%, and insignificant factors increased by 20%. The results are shown 
in Figure 32. By increasing the factors included in the significant effects by 20%, the 
resulting maximum moment increases by 25.7%. However, increasing the eight 
insignificant factors by 20% only increases the maximum moment by 1.4%. 
 
 
Figure 32: Runs at nominal level, with significant factors increased, and with 
insignificant factors increased for Layup 2, [(0/45)2]s, loaded in out-of-plane bending 
 
This layup also has an interaction effect as one of the significant effects, so 
additional support from an interaction plot will help to clarify how this effect acts. In 
Figure 33, the dashed line represents the average of the runs where X
T is at a low level, 66 
 
and the effect of X
C is only about 3 inch-pounds per inch. However, when X
T is at a 
high level, as represented by the solid line, the effect of X
C is approximately 27 inch-
pounds per inch. Therefore, the effect of X
C is dependent on the level of X
T, and vice 
versa. 
 
Figure 33: Interaction plot for X
T and X
C for Layup 2, [(0/45)2]s, loaded in out-of-plane 
bending 
 
The results of the four different analyses produced the same results, and are 
thus conclusive. Only the tensile and compressive strengths in the fiber direction will 
have a significant effect on the results. This can be interpreted in the focus of this 
study to mean that it is important to accurately measure the tensile and compressive 
strengths in the fiber direction when analyzing a CFRP panel consisting of alternating 
0° and 45° plies, while other damage parameters are much less crucial. 67 
 
  The third layup, which consists of -45° and 45° plies alternating, had the most 
difficult effect structure to analyze. The aliased effects are plotted on a normal 
probability plot in Figure 34. There are three effects which are clearly significant; LE, 
LA, and LB, but there are many more that are on the border of being considered 
significant or insignificant. The ambiguous effects, in order, are as follows: LAE, LAB, 
LBE, LEJ, LCJ, LG, LAJ, and LAC.  
 
 




For this layup loaded in out-of-plane bending, the results were much more 
convoluted and required further analysis. The three effects that were clearly significant 
are ones that are common to other two layups as well, LE, LA, and LB. As previously 




After that the analysis becomes more difficult. There are eight additional effects that 
are ambiguous as to whether they are significant or not. However, when looking at the 
eleven total effects that have varying levels of significance, only six factors are 
involved. At this point, four of the factors can be eliminated, leaving two replications 
of a 2
6-1 factorial design. No additional runs were necessary to create this new factorial 
design, the original results were used, but the effects that were clearly insignificant 
were eliminated from the analysis. The analysis for this design is very much the same 
as the analysis for the original 2
10-4 design, only with fewer factors. The normal 




Figure 35: Normal probability plot for reduced 2
6-1 factorial analysis for Layup 3, [(-
45/45)2]s, loaded in out-of-plane bending 
 
  For this new normal probability plot, it is pretty clear that using only the 
factors that may have contributed to a significant effect, the only truly significant 








C increased by 20% with the other factors at nominal 
level. The results for this study are shown in Figure 36. This shows that an increase of 
20% in the significant factors creates an increase in the maximum moment of 26.8%, 70 
 
while an equivalent increase in the insignificant factors increases the maximum 
moment by only 5.5%. 
 
 
Figure 36: Runs at nominal level, with significant factors increased, and with 
insignificant factors increased for Layup 3, [(-45/45)2]s, loaded in out-of-plane 
bending 
 
  From the preceding analyses, the shear strength in the direction of the fibers, as 
well as the tensile and compressive strengths of the fibers will have a noticeable effect 
on the results, while the other factors will not. Therefore, it is crucial to determine 
these values to a higher level of accuracy, while the insignificant damage parameters 




  For the first three layups that were analyzed, the specimens were modeled in 
both in-plane tension and out-of-plane bending. This allows some comparisons 
between the two types of loading scenarios, allowing for generalization of the results. 
Each of the three layups that were loaded in both scenarios did not have the exact 
same significant effects for the two loading scenarios, but there were similarities.  
  The first layup showed slightly different results when modeled in tension and 
in out-of-plane bending. There was one extremely significant effect when loaded in 
tension, which was the main effect of X
T. However, when the specimen was modeled 
in out-of-plane bending, there were three significant effects; the main effect of X
T was 
still the most significant, but others were added in as well. Since in-plane tension 
produces a fairly even field of loading throughout the specimen, it is expected that 
tensile strength is an important factor. Conversely, bending the specimen produces 
tension on the outside of the curved part, and compression on the inside. This explains 
why the bending analysis revealed that the compressive strength in the fiber direction 
was significant. Also, the interface between plies, as each ply has differing levels of 
tension and compression on opposite sides, creates an importance for the shear 
strength of the material, which explains why the main effect of the factor S
L is 
significant.  
  The second layup produced very similar, but slightly less extreme, results 
when compared to the first layup. This is most likely due to the fact that in both 72 
 
bending and tension, these ply layups gain most of their strength from the fibers. In 
cases where the load is not uniaxial or the bending is not about a single axis, it is more 
necessary to have fibers going in multiple directions to increase the versatility of the 
material. However, since the specimen modeled with the second layup is only loaded 
uniaxially, and bent about one axis, the strength of the fibers in the direction of the 
load tends to wash out other properties. This explains why the significant factors for 
the second layup are so similar to those of the first layup. 
  The third layup does not have any 0° plies to dominate the load carrying ability 
of the specimen, and therefore, another factor rises to the top as the most significant. 
In both tension and out-of-plane bending, the longitudinal shear strength becomes the 
most significant factor, but the tensile strength in the direction of the fibers is still 
important, being the second most significant factor. As described previously, the 
specimens loaded in tension experience only tension, while the specimens loaded in 
bending experience both bending and compression of the CFRP throughout the 
thickness of the lamina. This explains why the compressive strength in the direction of 
the fibers also appears as a significant factor when analyzing the out-of-plane bending 
scenario.  
  In the frame of this study, several thoughts can be considered regarding the 
necessity of testing for material properties. When tasked with finding material 
properties, it is evident from the eight cases discussed in this study that not all ten of 
the damage parameters have the same effect of the outcome of modeling CFRP panels 73 
 
in tension and out-of-plane bending. For layups that have a significant number of zero-
degree plies, the strengths in the direction of the fibers are material properties that 
merit spending extra time and money to ensure a more accurate number, and thus, a 
more accurate model. When a specimen is loaded in tension, only the tensile strengths 
are important, but when the loading scenario is out-of-plane bending, the panel 
experiences both tension and compression, which means that both strength parameters 
need to be known with a higher level of accuracy. When there are few or no zero-
degree plies, other material properties become more important to know with 
significantly higher accuracy. For example, if the layup for a specimen is dominated 
by ninety-degree plies, it would be wise to spend more time and money getting an 
accurate value for the transverse strength, rather than the strength in the fiber 
direction. In every case in this study that had an interaction as a significant effect, the 
two factors involved in the interaction were also significant. Thus when testing for 
damage parameters, if those the two parameters involved in an interaction are known 
at a high level of accuracy, the interaction between those effects will not cause the 
model to have deficiencies. It was rare for one of the fracture energies to be 
considered significant, so in most cases, those energies do not need to be known with a 
high level of accuracy to maintain an accurate model.  
6.0 Conclusion 
  The use of CFRP panels and other structures has grown significantly in the last 
few decades as manufacturing processes and technology have expanded and become 74 
 
more efficient. One area that has not kept up with the use of CFRP is the ability for 
engineers to properly and accurately model different scenarios where this lightweight, 
strong material might be used. A specific field where this applies greatly is the 
aerospace industry, which is trending away from using bulky metals in favor of the 
sleeker alternative, CFRP. In the aerospace industry, a common use for CFRP panels 
is as the skin of the fuselage of aircraft. When used in this application, these panels 
experience loading in tension and in bending, so knowledge of how to properly model 
both scenarios is necessary. 
  Progressive damage modeling has been in existence for well over forty years, 
but there are still problems with its utility in modeling CFRP’s. For one, depending on 
the method of modeling used, there can be well over ten to fifteen damage parameters 
that are necessary to determine when and how a CFRP panel will fail. These damage 
parameters are costly and difficult to obtain, so an understanding of which parameters 
will have the greatest effect on accurate modeling is greatly desired. With this 
knowledge, extra time and money can be spent on those significant parameters, while 
others can be regarded with less importance to the overall accuracy of the model. 
  The results of this study provided very valuable information for the specific 
cases presented, but the methods may be even more valuable, especially in cases that 
are dissimilar to those presented here. If a specific layup or loading scenario is to be 
modeled and material properties are not known, the methods of this study can be 
applied to determine where resources should be focused when finding them. Using 75 
 
generic material properties, such as those found in Wong et al. [34], performing a 
factorial analysis to determine which material properties are significant will take far 
less time and resources than actually finding each of the ten properties at a high level 
of accuracy. Often, only two or three of the properties will be significant and require 
additional testing, while the others can continue to be modeled using those generic 
properties. Performing an analysis similar to the ones presented in this study can 
provide far more valuable information than doing several material property tests for 
values that have little or no effect on a model, even when they are off by as much as 
twenty percent. 
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Appendix A: Fractional Factorial Designs 
 
Table 9: 2







T  Gft  Gfc  Gmt  Gmc 
1  -1  -1  -1  -1  1  1  1  1  1  1 
2  1  -1  -1  -1  1  -1  1  -1  1  -1 
3  -1  1  -1  -1  1  1  1  -1  -1  -1 
4  1  1  -1  -1  1  -1  1  1  -1  1 
5  -1  -1  1  -1  1  1  -1  -1  1  1 
6  1  -1  1  -1  1  -1  -1  1  1  -1 
7  -1  1  1  -1  1  1  -1  1  -1  -1 
8  1  1  1  -1  1  -1  -1  -1  -1  1 
9  -1  -1  -1  1  1  -1  -1  -1  -1  1 
10  1  -1  -1  1  1  1  -1  1  -1  -1 
11  -1  1  -1  1  1  -1  -1  1  1  -1 
12  1  1  -1  1  1  1  -1  -1  1  1 
13  -1  -1  1  1  1  -1  1  1  -1  1 
14  1  -1  1  1  1  1  1  -1  -1  -1 
15  -1  1  1  1  1  -1  1  -1  1  -1 
16  1  1  1  1  1  1  1  1  1  1 
17  -1  -1  -1  -1  -1  -1  -1  1  -1  1 
18  1  -1  -1  -1  -1  1  -1  -1  -1  -1 
19  -1  1  -1  -1  -1  -1  -1  -1  1  -1 
20  1  1  -1  -1  -1  1  -1  1  1  1 
21  -1  -1  1  -1  -1  -1  1  -1  -1  1 
22  1  -1  1  -1  -1  1  1  1  -1  -1 
23  -1  1  1  -1  -1  -1  1  1  1  -1 
24  1  1  1  -1  -1  1  1  -1  1  1 
25  -1  -1  -1  1  -1  1  1  -1  1  1 
26  1  -1  -1  1  -1  -1  1  1  1  -1 
27  -1  1  -1  1  -1  1  1  1  -1  -1 
28  1  1  -1  1  -1  -1  1  -1  -1  1 81 
 
29  -1  -1  1  1  -1  1  -1  1  1  1 
30  1  -1  1  1  -1  -1  -1  -1  1  -1 
31  -1  1  1  1  -1  1  -1  -1  -1  -1 
32  1  1  1  1  -1  -1  -1  1  -1  1 
 
Table 10: 2







T  Gft  Gfc  Gmt  Gmc 
1  -1  -1  -1  -1  -1  -1  1  1  1  1 
2  1  -1  -1  -1  -1  -1  1  -1  -1  -1 
3  -1  1  -1  -1  -1  -1  -1  1  -1  -1 
4  1  1  -1  -1  -1  -1  -1  -1  1  1 
5  -1  -1  1  -1  -1  -1  -1  -1  1  -1 
6  1  -1  1  -1  -1  -1  -1  1  -1  1 
7  -1  1  1  -1  -1  -1  1  -1  -1  1 
8  1  1  1  -1  -1  -1  1  1  1  -1 
9  -1  -1  -1  1  -1  -1  -1  -1  -1  1 
10  1  -1  -1  1  -1  -1  -1  1  1  -1 
11  -1  1  -1  1  -1  -1  1  -1  1  -1 
12  1  1  -1  1  -1  -1  1  1  -1  1 
13  -1  -1  1  1  -1  -1  1  1  -1  -1 
14  1  -1  1  1  -1  -1  1  -1  1  1 
15  -1  1  1  1  -1  -1  -1  1  1  1 
16  1  1  1  1  -1  -1  -1  -1  -1  -1 
17  -1  -1  -1  -1  1  -1  1  1  -1  -1 
18  1  -1  -1  -1  1  -1  1  -1  1  1 
19  -1  1  -1  -1  1  -1  -1  1  1  1 
20  1  1  -1  -1  1  -1  -1  -1  -1  -1 
21  -1  -1  1  -1  1  -1  -1  -1  -1  1 
22  1  -1  1  -1  1  -1  -1  1  1  -1 
23  -1  1  1  -1  1  -1  1  -1  1  -1 
24  1  1  1  -1  1  -1  1  1  -1  1 
25  -1  -1  -1  1  1  -1  -1  -1  1  -1 
26  1  -1  -1  1  1  -1  -1  1  -1  1 82 
 
27  -1  1  -1  1  1  -1  1  -1  -1  1 
28  1  1  -1  1  1  -1  1  1  1  -1 
29  -1  -1  1  1  1  -1  1  1  1  1 
30  1  -1  1  1  1  -1  1  -1  -1  -1 
31  -1  1  1  1  1  -1  -1  1  -1  -1 
32  1  1  1  1  1  -1  -1  -1  1  1 
33  -1  -1  -1  -1  -1  1  -1  -1  1  1 
34  1  -1  -1  -1  -1  1  -1  1  -1  -1 
35  -1  1  -1  -1  -1  1  1  -1  -1  -1 
36  1  1  -1  -1  -1  1  1  1  1  1 
37  -1  -1  1  -1  -1  1  1  1  1  -1 
38  1  -1  1  -1  -1  1  1  -1  -1  1 
39  -1  1  1  -1  -1  1  -1  1  -1  1 
40  1  1  1  -1  -1  1  -1  -1  1  -1 
41  -1  -1  -1  1  -1  1  1  1  -1  1 
42  1  -1  -1  1  -1  1  1  -1  1  -1 
43  -1  1  -1  1  -1  1  -1  1  1  -1 
44  1  1  -1  1  -1  1  -1  -1  -1  1 
45  -1  -1  1  1  -1  1  -1  -1  -1  -1 
46  1  -1  1  1  -1  1  -1  1  1  1 
47  -1  1  1  1  -1  1  1  -1  1  1 
48  1  1  1  1  -1  1  1  1  -1  -1 
49  -1  -1  -1  -1  1  1  -1  -1  -1  -1 
50  1  -1  -1  -1  1  1  -1  1  1  1 
51  -1  1  -1  -1  1  1  1  -1  1  1 
52  1  1  -1  -1  1  1  1  1  -1  -1 
53  -1  -1  1  -1  1  1  1  1  -1  1 
54  1  -1  1  -1  1  1  1  -1  1  -1 
55  -1  1  1  -1  1  1  -1  1  1  -1 
56  1  1  1  -1  1  1  -1  -1  -1  1 
57  -1  -1  -1  1  1  1  1  1  1  -1 
58  1  -1  -1  1  1  1  1  -1  -1  1 
59  -1  1  -1  1  1  1  -1  1  -1  1 
60  1  1  -1  1  1  1  -1  -1  1  -1 83 
 
61  -1  -1  1  1  1  1  -1  -1  1  1 
62  1  -1  1  1  1  1  -1  1  -1  -1 
63  -1  1  1  1  1  1  1  -1  -1  -1 
64  1  1  1  1  1  1  1  1  1  1 
 
Table 11: 2







T  Gft  Gfc  Gmt  Gmc 
1  1  1  ×  ×  ×  ×  ×  ×  ×  1 
2  1  1  ×  ×  ×  ×  ×  ×  ×  -1 
3  1  -1  ×  ×  ×  ×  ×  ×  ×  1 
4  1  -1  ×  ×  ×  ×  ×  ×  ×  -1 
5  -1  1  ×  ×  ×  ×  ×  ×  ×  1 
6  -1  1  ×  ×  ×  ×  ×  ×  ×  -1 
7  -1  -1  ×  ×  ×  ×  ×  ×  ×  1 
8  -1  -1  ×  ×  ×  ×  ×  ×  ×  -1 
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C  Gft  Gfc  Gmt  Gmc 
1  -1  -1  ×  -1  -1  -1  ×  ×  ×  -1 
2  1  -1  ×  -1  -1  -1  ×  ×  ×  1 
3  -1  1  ×  -1  -1  -1  ×  ×  ×  1 
4  1  1  ×  -1  -1  -1  ×  ×  ×  -1 
5  -1  -1  ×  1  -1  -1  ×  ×  ×  1 
6  1  -1  ×  1  -1  -1  ×  ×  ×  -1 
7  -1  1  ×  1  -1  -1  ×  ×  ×  -1 
8  1  1  ×  1  -1  -1  ×  ×  ×  1 
9  -1  -1  ×  -1  1  -1  ×  ×  ×  1 
10  1  -1  ×  -1  1  -1  ×  ×  ×  -1 
11  -1  1  ×  -1  1  -1  ×  ×  ×  -1 
12  1  1  ×  -1  1  -1  ×  ×  ×  1 
13  -1  -1  ×  1  1  -1  ×  ×  ×  -1 84 
 
14  1  -1  ×  1  1  -1  ×  ×  ×  1 
15  -1  1  ×  1  1  -1  ×  ×  ×  1 
16  1  1  ×  1  1  -1  ×  ×  ×  -1 
17  -1  -1  ×  -1  -1  1  ×  ×  ×  1 
18  1  -1  ×  -1  -1  1  ×  ×  ×  -1 
19  -1  1  ×  -1  -1  1  ×  ×  ×  -1 
20  1  1  ×  -1  -1  1  ×  ×  ×  1 
21  -1  -1  ×  1  -1  1  ×  ×  ×  -1 
22  1  -1  ×  1  -1  1  ×  ×  ×  1 
23  -1  1  ×  1  -1  1  ×  ×  ×  1 
24  1  1  ×  1  -1  1  ×  ×  ×  -1 
25  -1  -1  ×  -1  1  1  ×  ×  ×  -1 
26  1  -1  ×  -1  1  1  ×  ×  ×  1 
27  -1  1  ×  -1  1  1  ×  ×  ×  1 
28  1  1  ×  -1  1  1  ×  ×  ×  -1 
29  -1  -1  ×  1  1  1  ×  ×  ×  1 
30  1  -1  ×  1  1  1  ×  ×  ×  -1 
31  -1  1  ×  1  1  1  ×  ×  ×  -1 
32  1  1  ×  1  1  1  ×  ×  ×  1 
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T  Gft  Gfc  Gmt  Gmc 
1  ×  ×  -1  -1  -1  -1  -1  ×  1  1 
2  ×  ×  1  -1  -1  -1  -1  ×  -1  -1 
3  ×  ×  -1  1  -1  -1  -1  ×  -1  -1 
4  ×  ×  1  1  -1  -1  -1  ×  1  1 
5  ×  ×  -1  -1  1  -1  -1  ×  -1  1 
6  ×  ×  1  -1  1  -1  -1  ×  1  -1 
7  ×  ×  -1  1  1  -1  -1  ×  1  -1 
8  ×  ×  1  1  1  -1  -1  ×  -1  1 
9  ×  ×  -1  -1  -1  1  -1  ×  -1  -1 
10  ×  ×  1  -1  -1  1  -1  ×  1  1 
11  ×  ×  -1  1  -1  1  -1  ×  1  1 85 
 
12  ×  ×  1  1  -1  1  -1  ×  -1  -1 
13  ×  ×  -1  -1  1  1  -1  ×  1  -1 
14  ×  ×  1  -1  1  1  -1  ×  -1  1 
15  ×  ×  -1  1  1  1  -1  ×  -1  1 
16  ×  ×  1  1  1  1  -1  ×  1  -1 
17  ×  ×  -1  -1  -1  -1  1  ×  1  -1 
18  ×  ×  1  -1  -1  -1  1  ×  -1  1 
19  ×  ×  -1  1  -1  -1  1  ×  -1  1 
20  ×  ×  1  1  -1  -1  1  ×  1  -1 
21  ×  ×  -1  -1  1  -1  1  ×  -1  -1 
22  ×  ×  1  -1  1  -1  1  ×  1  1 
23  ×  ×  -1  1  1  -1  1  ×  1  1 
24  ×  ×  1  1  1  -1  1  ×  -1  -1 
25  ×  ×  -1  -1  -1  1  1  ×  -1  1 
26  ×  ×  1  -1  -1  1  1  ×  1  -1 
27  ×  ×  -1  1  -1  1  1  ×  1  -1 
28  ×  ×  1  1  -1  1  1  ×  -1  1 
29  ×  ×  -1  -1  1  1  1  ×  1  1 
30  ×  ×  1  -1  1  1  1  ×  -1  -1 
31  ×  ×  -1  1  1  1  1  ×  -1  -1 
32  ×  ×  1  1  1  1  1  ×  1  1 
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T  Gft  Gfc  Gmt  Gmc 
1  -1  -1  -1  ×  -1  ×  -1  1  ×  1 
2  1  -1  -1  ×  -1  ×  -1  -1  ×  -1 
3  -1  1  -1  ×  -1  ×  -1  -1  ×  -1 
4  1  1  -1  ×  -1  ×  -1  1  ×  1 
5  -1  -1  1  ×  -1  ×  -1  -1  ×  1 
6  1  -1  1  ×  -1  ×  -1  1  ×  -1 
7  -1  1  1  ×  -1  ×  -1  1  ×  -1 
8  1  1  1  ×  -1  ×  -1  -1  ×  1 
9  -1  -1  -1  ×  1  ×  -1  -1  ×  -1 86 
 
10  1  -1  -1  ×  1  ×  -1  1  ×  1 
11  -1  1  -1  ×  1  ×  -1  1  ×  1 
12  1  1  -1  ×  1  ×  -1  -1  ×  -1 
13  -1  -1  1  ×  1  ×  -1  1  ×  -1 
14  1  -1  1  ×  1  ×  -1  -1  ×  1 
15  -1  1  1  ×  1  ×  -1  -1  ×  1 
16  1  1  1  ×  1  ×  -1  1  ×  -1 
17  -1  -1  -1  ×  -1  ×  1  1  ×  -1 
18  1  -1  -1  ×  -1  ×  1  -1  ×  1 
19  -1  1  -1  ×  -1  ×  1  -1  ×  1 
20  1  1  -1  ×  -1  ×  1  1  ×  -1 
21  -1  -1  1  ×  -1  ×  1  -1  ×  -1 
22  1  -1  1  ×  -1  ×  1  1  ×  1 
23  -1  1  1  ×  -1  ×  1  1  ×  1 
24  1  1  1  ×  -1  ×  1  -1  ×  -1 
25  -1  -1  -1  ×  1  ×  1  -1  ×  1 
26  1  -1  -1  ×  1  ×  1  1  ×  -1 
27  -1  1  -1  ×  1  ×  1  1  ×  -1 
28  1  1  -1  ×  1  ×  1  -1  ×  1 
29  -1  -1  1  ×  1  ×  1  1  ×  1 
30  1  -1  1  ×  1  ×  1  -1  ×  -1 
31  -1  1  1  ×  1  ×  1  -1  ×  -1 
32  1  1  1  ×  1  ×  1  1  ×  1 
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T  Gft  Gfc  Gmt  Gmc 
1  -1  -1  ×  ×  -1  ×  -1  1  ×  × 
2  1  -1  ×  ×  -1  ×  -1  -1  ×  × 
3  -1  1  ×  ×  -1  ×  -1  -1  ×  × 
4  1  1  ×  ×  -1  ×  -1  1  ×  × 
5  -1  -1  ×  ×  1  ×  -1  -1  ×  × 
6  1  -1  ×  ×  1  ×  -1  1  ×  × 
7  -1  1  ×  ×  1  ×  -1  1  ×  × 87 
 
8  1  1  ×  ×  1  ×  -1  -1  ×  × 
9  -1  -1  ×  ×  -1  ×  1  -1  ×  × 
10  1  -1  ×  ×  -1  ×  1  1  ×  × 
11  -1  1  ×  ×  -1  ×  1  1  ×  × 
12  1  1  ×  ×  -1  ×  1  -1  ×  × 
13  -1  -1  ×  ×  1  ×  1  1  ×  × 
14  1  -1  ×  ×  1  ×  1  -1  ×  × 
15  -1  1  ×  ×  1  ×  1  -1  ×  × 
16  1  1  ×  ×  1  ×  1  1  ×  × 
   88 
 
Appendix B: Results for Each Factorial Analysis 
 
Table 16: Maximum load in pounds for 2
10-5 fractional factorial for tension loading scenario 
Run  Layup 1  Layup 2  Layup 3  Layup 4  Layup 5 
1  5760  6314  2721  896.5  573.7 
2  12342  5978  2977  896.5  573.7 
3  5760  3628  2723  866.9  566.5 
4  10401  6214  2965  866.9  566.5 
5  5759  3836  2460  1255  843.6 
6  7445  7623  2944  1255  843.6 
7  5759  3836  2412  1251  843.1 
8  9451  5343  2802  1251  843.1 
9  5759  3623  2638  866.9  566.5 
10  11366  5736  2863  866.9  566.5 
11  5759  3724  2844  896.5  573.7 
12  8926  5548  2870  896.5  573.7 
13  5761  3841  2378  1250  843 
14  9702  5341  2922  1251  843.1 
15  5761  3837  2350  1255  843.6 
16  7650  5349  2874  1255  843.6 
17  5742  5928  1952  837  564.9 
18  8841  6276  2106  837  564.9 
19  5380  3597  1995  870.3  570.7 
20  7588  5455  2177  870.3  570.7 
21  6303  3389  2219  1082  837.5 
22  9487  5241  2153  1082  837.5 
23  5737  3389  2270  1100  837.6 
24  10310  5212  2188  1100  837.6 
25  6613  3621  2178  870.3  570.7 
26  8280  5174  2187  870.3  570.7 
27  6579  5999  2157  837  564.9 
28  9034  4942  2117  837  564.9 
29  9477  3369  1979  1100  837.6 89 
 
30  8113  4885  2063  1100  837.6 
31  5623  3369  1906  1082  837.5 
32  7086  5176  2109  1082  837.5 
 
Table 17: Maximum moment per unit width in inch-pounds per inch for 2
10-4 fractional 
factorial for out-of-plane bending loading scenario 
Run  Layup 1  Layup 2  Layup 3 
1  109.586  70.917  49.746 
2  140.528  81.473  54.414 
3  115.028  69.169  55.160 
4  249.170  122.075  60.078 
5  82.795  67.721  488.875 
6  161.268  81.873  53.142 
7  123.786  68.454  50.819 
8  265.483  102.413  60.975 
9  105.634  68.308  46.661 
10  123.291  82.318  54.553 
11  120.758  71.356  57.658 
12  269.806  121.050  60.500 
13  92.690  70.160  50.514 
14  133.045  81.021  55.355 
15  121.231  66.491  50.187 
16  264.120  109.314  61.144 
17  78.030  70.976  57.861 
18  111.824  82.638  62.456 
19  85.518  71.977  57.703 
20  136.771  103.438  73.500 
21  84.320  69.73  54.021 
22  107.347  84.164  63.023 
23  89.680  81.255  59.785 
24  147.737  103.976  76.663 
25  84.092  68.995  52.750 
26  101.107  87.120  63.724 90 
 
27  89.371  73.849  64.205 
28  138.303  108.682  74.760 
29  78.030  69.825  55.549 
30  104.635  83.542  61.461 
31  86.978  72.552  59.309 
32  132.697  106.043  76.380 
33  102.845  68.032  46.987 
34  151.532  82.135  53.757 
35  121.392  71.597  55.865 
36  266.451  123.441  59.760 
37  108.281  70.390  50.902 
38  155.245  79.917  53.368 
39  118.607  65.862  43.322 
40  266.957  104.877  59.388 
41  120.363  70.255  48.188 
42  122.117  80.694  55.082 
43  117.093  69.201  56.323 
44  260.730  122.635  58.944 
45  94.432  68.308  49.052 
46  151.346  81.460  53.827 
47  124.806  69.042  51.305 
48  150.113  108.113  59.955 
49  84.360  69.445  52.362 
50  100.941  84.843  64.218 
51  87.894  80.048  63.427 
52  139.805  106.614  74.677 
53  77.996  69.815  55.121 
54  104.549  82.2363  60.903 
55  86.978  78.819  59.158 
56  142.759  102.196  75.713 
57  78.030  70.796  55.075 
58  104.88  83.638  61.267 
59  91.498  69.027  60.547 
60  135.13  112.842  74.280 91 
 
61  84.320  69.773  53.707 
62  107.957  85.556  62.831 
63  89.68  80.581  59.400 
64  156.09  103.602  77.607 
 
Table 18: Maximum Loads and moments per unit width in pounds and inch-pounds per 
inch for all additional runs in tension and then in out-of-plane bending 
Run  Layup 1  Layup 2  Layup 3  Layup 4  Layup 1  Layup 2 
1  9776  5799  2226  870.3  106.479  69.232 
2  9290  5906  2174  1082  123.964  79.531 
3  9438  5695  2226  837  130.687  66.411 
4  9078  6351  2174  1100  166.683  110.184 
5  6242  3657  2226  866.9  93.558  69.423 
6  6242  3657  2174  1255  147.515  86.070 
7  7367  3783  2226  896.5  119.047  71.808 
8  7205  3783  2174  1251  264.473  102.899 
9      2518  837  84.165  68.979 
10      2995  1100  101.139  82.412 
11      2518  870.3  88.4478  69.012 
12      2995  1082  135.901  103.505 
13      2486  896.5  76.492  71.109 
14      3051  1251  100.750  83.074 
15      2486  866.9  82.492  80.360 
16      3053  1255  146.397  104.136 
17      2226  870.3  128.283   
18      2185  1082  118.585   
19      2226  837  146.324   
20      2173  1100  266.829   
21      2226  866.9  95.623   
22      2163  1255  160.771   
23      2226  896.5  100.618   
24      2163  1251  195.823   
25      2486  837  77.475   92 
 
26      2995  1100  102.225   
27      2486  870.3  86.406   
28      2995  1082  140.116   
29      2518  896.5  77.996   
30      2995  1251  104.67   
31      2518  866.9  89.680   
32      2995  1255  147.603   
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Appendix C: Calculated Effects for Each Analysis 
 
Table 19: Aliased effects for 2
3 analysis of Layup 1, [08], loaded in tension 
LA  LB  LJ  LAB  LAJ  LBJ  LABJ 
2632  -385  252  660  171  -9  72 
 
Table 20: Aliased effects for Layup 2, [(0/45)2]s, loaded in tension 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
1512  -347  -545  -483  297  92  9  621  -61  -30 
LAC  LAD  LAE  LAF  LAG  LAH  LAI  LBC  LBD  LBE 
401  -166  300  -239  -333  -316  180  96  642  -254 
LBG  LBH  LCD  LCE  LCH  LCJ  LEH  LEJ  LFH  LFI 
306  -163  145  325  -295  -221  66  75  -63  -136 
 
Table 21: Aliased effects for 2
3 analysis of Layup 2, [(0/45)2]s, loaded in tension 
LA  LB  LJ  LAB  LAJ  LBJ  LABJ 
2218  -148  -191  -22  -191  137  137 
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Table 22: Aliased effects for Layup 3, [(-45/45)2]s, loaded in tension 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
195  1  -90  39  624  -7  78  29  42  -16 
LAC  LAD  LAE  LAF  LAG  LAH  LAI  LBC  LBD  LBE 
65  2  140  7  -23  -2  -10  -27  2  -10 
LBG  LBH  LCD  LCE  LCH  LCJ  LEH  LEJ  LFH  LFI 
-13  77  -70  -92  -3  15  2  -26  -31  86 
 
Table 23: Aliased effects for 2
6-1 analysis of Layup 3, [(-45/45)2]s, loaded in tension 
LA  LB  LD  LE  LF  LJ  LAB  LAD  LAE  LAF 
226.9  -0.6  5.1  556.4  -7.9  -0.9  -0.6  5.1  280.4  -7.9 
LAJ  LBD  LBE  LBF  LBJ  LDE  LDF  LDJ  LEF  LEJ 
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Table 24: Aliased effects for Layup 4, [(90/-45)2]s, loaded in tension 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
0.1  0.1  304.3  -0.1  95.0  0.1  -0.1  -0.1  21.3  -0.1 
LAC  LAD  LAE  LAF  LAG  LAH  LAI  LBC  LBD  LBE 
0.1  0.1  0.1  -0.1  0.1  -2.5  -0.1  0.1  -4.4  0.1 
LBG  LBH  LCD  LCE  LCH  LCJ  LEH  LEJ  LFH  LFI 
-10  0.1  -0.1  66.9  -0.1  -0.1  -0.1  -0.1  0.1  0.1 
 
Table 25: Aliased effects for 2
7-1 analysis of Layup 4, [(90/-45)2]s, loaded in tension 
LC  LD  LE  LF  LG  LI  LJ  LCD  LCE  LCF 
304.3  0  95.0  0  0  21.2  0  0  67.0  0 
LCG  LCI  LCJ  LDE  LDF  LDG  LDI  LDJ  LEF  LEG 
0  -10.2  0  0  -2.6  0  0  0  0  0 
LEI  LEJ  LFG  LFI  LFJ 
-4.4  0  0  0  0 
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Table 26: Aliased effects for Layup 5, [908], loaded in tension 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
0  0  271.5  0  4.0  0  0  0  3.4  0 
LAC  LAD  LAE  LAF  LAG  LAH  LAI  LBC  LBD  LBE 
0  0  0  0  0  -0.2  0  0  0.5  0 
LBG  LBH  LCD  LCE  LCH  LCJ  LEH  LEJ  LFH  LFI 
-3.1  0  0  1.7  0  0  0  0  0  0 
 
Table 27: Aliased effects for Layup 1, [08], loaded in out-of-plane bending 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
70.0  50.5  5.1  -5.6  -43.5  5.8  -9.7  -9.4  -6.9  9.2 
LAB  LAC  LAD  LAE  LAF  LAG  LAH  LAI  LAJ  LBC 
34.3  4.6  -10.4  -20.5  -0.2  -9.0  -5.8  -2.7  7.9  1.1 
LBD  LBE  LBF  LBI  LBJ  LCD  LCE  LCF  LCG  LCH 
-4.3  -18.0  -0.8  1.7  5.2  -7.4  8.1  1.1  -7.7  -5.9 
LCI  LCJ  LDE  LDF  LDG  LDH  LEF  LEG  LEH  LEI 
1.0  -12.5  1.2  -5.8  -0.7  0.5  6.2  0.1  -1.9  -4.5 
LEJ  LFG  LFH  LFI  LFJ  LGI  LGJ  LHI  LHJ   
-3.5  -7.7  -6.0  0.3  7.5  9.1  0.7  8.7  0.6   
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Table 28: Aliased effects for 2
7-2 analysis of Layup 1, [08], loaded in out-of-plane bending 
LA  LB  LC  LE  LG  LH  LJ  LAB  LAC  LAE 
52.5  38.0  0  -45.2  4.4  2.4  -3.8  25.0  14.1  -13.0 
LAG  LAH  LAJ  LBC  LBE  LBG  LBH  LBJ  LCE  LCG 
1.8  4.4  0.9  -1.9  -14.0  0.5  -10.4  -0.5  1.3  -11.7 
LCH  LCJ  LEG  LEH  LEJ 
-8.7  10.4  -3.1  -1.0  2.5 
 
Table 29: Aliased effects for Layup 2, [(0/45)2]s, loaded in out-of-plane bending 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
25.4  15.1  -2.5  0.4  0.6  0.4  0.8  -0.4  0.5  0.6 
LAB  LAC  LAD  LAE  LAF  LAG  LAH  LAI  LAJ  LBC 
12.2  -2.8  1.4  -3.3  -0.2  -2.1  0.9  -0.5  2.5  -2.1 
LBD  LBE  LBF  LBI  LBJ  LCD  LCE  LCF  LCG  LCH 
0.1  -1.2  0.6  0.9  0.6  0.3  2.4  -0.3  -0.2  -0.2 
LCI  LCJ  LDE  LDF  LDG  LDH  LEF  LEG  LEH  LEI 
-0.6  -4.4  -0.2  -0.1  -0.4  -0.5  0.3  0.2  -0.4  1.0 
LEJ  LFG  LFH  LFI  LFJ  LGI  LGJ  LHI  LHJ   
-2.6  0.2  0  0.4  -0.5  -0.3  0.1  -0.2  0   
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Table 30: Aliased effects for 2
5-1 analysis of Layup 2, [(0/45)2]s, loaded in out-of-plane 
bending 
LA  LB  LE  LG  LH  LAB  LAE  LAG  LAH  LBE 
23.2  12.3  2.5  0.9  1.2  10.1  -2.3  -2.3  2.2  0.1 
LBG  LBH  LEG  LEH  LGH 
0.5  -0.7  1.2  -1.9  -3.5 
 
Table 31: Aliased effects for Layup 3, [(-45/45)2]s, loaded in out-of-plane bending 
LA  LB  LC  LD  LE  LF  LG  LH  LI  LJ 
8.8  7.3  -0.6  0.3  9.1  -0.3  1.1  0.4  0.3  -0.4 
LAB  LAC  LAD  LAE  LAF  LAG  LAH  LAI  LAJ  LBC 
2.1  0.9  0.1  2.7  -0.1  -1.0  0.2  0.2  1.0  -0.7 
LBD  LBE  LBF  LBI  LBJ  LCD  LCE  LCF  LCG  LCH 
0.4  2.1  0.1  -0.1  -0.1  0.1  0.4  0  -0.4  0 
LCI  LCJ  LDE  LDF  LDG  LDH  LEF  LEG  LEH  LEI 
0.1  1.4  -0.1  -0.1  -0.2  -0.1  0.2  0  0.3  -0.4 
LEJ  LFG  LFH  LFI  LFJ  LGI  LGJ  LHI  LHJ   
1.8  -0.3  0.2  0.5  0.1  0.1  0.2  -0.1  -0.4   
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Table 32: Aliased effects for re-analysis as a 2
6-1 of Layup 3, [(-45/45)2]s, loaded in out-of-
plane bending 
LA  LB  LC  LE  LG  LJ  LAB  LAC  LAE  LAG 
8.8  7.3  -0.6  9.1  1.1  -0.4  2.1  0.9  2.7  -1.0 
LAJ  LBC  LBE  LBJ  LCE  LCG  LCJ  LEG  LEJ  LGJ 
1.0  -0.7  2.1  -0.1  0.4  -0.4  1.4  0  1.8  0.2 
 